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A B S T R A C T  

We consider the locus of smooth rational curves of given degree in a 
given projective space, which are incident to a generic collection of linear 
spaces. When this locus is finite (resp. 1-dimensional) we give a recursive 
procedure to compute its degree (resp. geometric genus). The method is 
based on the elementary geometry of ruled surfaces. 

Introduct ion  

In recent years it has become cus tomary  to approach certain types of problems 

of enumerat ive geometry via the ra ther  substantial  machinery of quan tum 

cohomology - -  chiefly compactified moduli  spaces of maps  and related objects (cf. 

[3]) - -  leading some to believe, perhaps,  tha t  such machinery may  be 

indispensable. 

In this paper  we s tudy enumeratively the variety Vd,~ parametr is ing irreducible 

nonsingular rat ional  curves of degree d in l~ ' ,  n >_ 3. We shall give a recursive 

procedure which computes  two sets of  numbers  associated to Vd,~: 

* The Schubert  degrees Nd,~(al , . . . ,ak) ,  i.e. the degree of the locus of 

members  of Vd, n meeting a generic collection A 1 , . . . , A k  of linear 

subspaces of  respective codimensions a l , . . . ,  ak in • ,  whenever ~ ( a i  - 1) 

= (n + 1 ) d +  ( n -  3) = dim Vd,~, i.e. whenever the locus in question is finite; 

�9 the linear genera gd,~(al , . . . ,ak) ,  i.e. the (geometric) genus of the 

analogously-defined locus whenever it is 1-dimensional, i.e. whenever 

~-]~(ai - 1) = dimVd,n - 1 (in which case it is in fact smooth,  except for a 
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certain number of ordinary nodes if some ai = 2 (see Remark at the end of 

Section 2). 

Analogous questions for n = 2 were considered in [6], [7] (degree questions 

for n = 2 were also considered by Caporaso and Harris [1]). As there, the 

method is completely elementary, involving some geometry on ruled surfaces. No 

quantum-cohomological methods are used; indeed our method may be viewed 

as an alternative to those (compare [3] and references therein). The new issues 

arising vis-a-vis [6], [7] are principally two: 

(i) the 'distinguished sections' on our ruled surface X are no longer necessarily 

disjoint: this necessitates setting up, in addition to the ever-present degree re- 

cursion, a further recursion involving the effective length of the condition-vector 

(ii) the target projective space being of dimension > 2 = dim X,  the 'Riemann- 

Hurwitz' or ramification formula is not immediately available: to remedy this we 

'thicken' our ruled surface to a (noncompact, so as to avoid bad curves) ruled 

n-fold. 

While our degree formulae are in principle derivable from the general methods 

of quantum cohomology, the genus formulae are apparently new for n > 3; for 

n -- 2 analogous formulae were given, using (resp. not using) quantum cohomol- 

ogy, by Pandharipande [5] (resp. by ourselves [7]). Interestingly, our recursive 

procedure is meaningful even for lines (d = 1), yielding a procedure for comput- 

ing intersection numbers of 'primary'  Schubert cycles (consisting of lines meeting 

a given linear space) and for the linear genus of a grassmannian of lines in ~ .  

1. Degrees 

In what follows we fix n _> 3 and denote by Vd or Vd,n the closure in the Chow 

variety of the locus of irreducible nonsingular rational curves of degree d in ~ ,  

with the scheme structure as closure, i.e. the reduced structure. Let A1 , . . . ,  Ak be 

a generic collection of linear subspaces of respective codimensions a l , . . . ,  ak ~_ 1 

in ]~.  We denote by 

Bd = Bd(a.) = Bd(A.) 

the normalization of the locus (with reduced structure) 

{(C, P1 , . . . ,Pk ) :  C E ?d, Pi E C n A~,i = 1 , . . . , k }  

when all ai > 1; this is also the normalization of its projection to Vd, i.e. the 

locus of degree-d rational curves (and their specializations) meeting A1 , . . . ,  Ak; 



Vol. 122, 2001 VARIETY OF RATIONAL SPACE CURVES 361 

however, it will be convenient to allow some Ai to be  hyperplanes.  Of  course, if 

some ai > n then  Nd(a.) = 0. Let  us call the number  of  i such tha t  ai > 1 the 

l e n g t h  of the condit ion vector  (a.). We have 

d i m B  = (n + 1 ) d +  (n - 3) - ~--~,(a~ - 1). 

W h e n  this is 0, we set 

Nd(a.) = deg Bd(a.). 

Of course Nd(1, a2, . . . )  ---- dNd(a2, . . . ) ,  so it will suffice to  compute  these when 

all ai > 1. 

The  plan is to get at  t h e m  via suitable 1-dimensional B 's .  To this end, take a 

B = B(A. )  1-dimensional and let 

7r: X--+ B 

be the normal iza t ion  of the tautological  family of ra t ional  curves (always with 

reduced s t ructure) ,  and f :  X --~ ] ~  the na tura l  map.  We begin wi th  some 

elementary,  but  possibly surprising, qual i ta t ive remarks ,  whose impor t  is tha t ,  

thanks  chiefly to the fact t ha t  the incidence conditions to (A.) are ' insensit ive '  to 

scheme structure,  possible pathologies of the Hi lber t  scheme ' don ' t  m a t t e r '  and 

the curves in B are well behaved.  

LEMMA 1.0: Each fibre F of  Tr is either 

(i) a ~1 on which f is an embedding; or 

(ii) a pair o f P  1 's meeting transversely once, on which f is an embedding; or 

(iii) i f  n = 3, a p1 on which f is a degree-1 immersion such that f (p1)  has a 

unique singular point which is an ordinary node. 

Proof: Firstly, it is easy to see tha t ,  in the family of pa ramet r i sed  ra t ional  

curves g: p1 __+ F~, the locus of those where g is not  an embedding  (n > 3), 

or has mapp ing  degree > 1 or is not an immers ion  or where g(p1) has worse 

singularities t han  one ordinary  node (n = 3), has codimension > 2, hence there 

will be  no such curves g(p1) satisfying the incidence conditions to (A.). Next ,  if 

F has j components  F 1 , . . . ,  Fj ,  Fi -~ p 1  with f(F~) of degree d~, ~ d~ < d, then, 

because there are n - 2 conditions for a pair  of ra t ional  curves in • to meet ,  the 

curve f ( F )  must  a priori  belong to a family of dimension at  mos t  

k 

~--~[(n § 1)di + (n - 3)] - (k - 1)(n - 2) = (n § 1)d § (n - 3) - (k - 1), 
i=1 
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and since f (F )  must also satisfy the incidence conditions to (A.), it follows that  

k = 2 and dl + d2 = d. By similar considerations, f(F1),  f(F2) are smooth and 

meet transversely once. | 

COROLLARY 1.1: (i) Yd,n i8 smooth along the image B orB, and B is smooth ex- 

cept for ordinary nodes corresponding to curves meeting some Ai of codimension 

2 transversely twice; 

(ii) X is smooth. 

Proof'. (i) It follows from the Lemma that  Hilb itself, a foriori l?dm, is smooth 

along/~ except possibly for n = 3 at points corresponding to an immersed nonem- 

bedded curve f i :  pi  __+ 1~3 where the corresponding subscheme C of p3 has an 

embedded point. Now a neighborhood of C in l?d,,~ is bijectively parametrised 

by a space H parametrising deformations of the parametrised curve, which has 

tangent space H~ and obstruction space Hi(NI )  = 0 (as N I is globally 

generated); thus H is smooth locally. Moreover, a nonzero element of H~ 

induces a deformation of the cycle f ( p i )  which is locally nontrivial at a generic 

point, hence nonzero. Thus the natural map H --+ 174 m is bijective and unram- 

ified, hence an isomorphism locally, so l?d,,~ is smooth at C. Applying similar 

considerations to the deformations preserving incidence to (A.), we see tha t /~  is 

smooth too except for the singularities noted. 

(ii) This is a purely local assertion at singular points of reducible fibres which 

follows either by a little deformation theory for reducible curves as in [8] or 

alternatively by generically projecting to p2 and using the corresponding fact 

there (cf. [2]). | 

Motivated by this result we introduce as in [7] two additional set of numbers: 

Nd(2x ,a2 , . . . ,ak)  (resp. Nd(2 --+,a2, . . . ,ak))  denotes the number of rational 

curves of degree d incident to A2, �9 �9 Ak of respective codimension ai and meeting 

Ai of codimension 2 twice (resp. meeting Ai once and tangent along Ai to a 

fixed hyperplane containing Ai.) As in [7] we have the basic identity 

(0) Nd(2,2, a2,.. .  ,ak) = Nd(2 --~,a2,...,ak) + 2Nd(2• ,ak). 

Now let jc be the set of components of reducible fibres of ~. Note X comes 

equipped with a set of distinguished sections si = SAi, i = 1 , . . . ,  k and note that 

si.sj = Nd( . . . ,  ai -t- a j , . . . ,  aj , . . . ) ,  i ~ j .  

Also, let Ri = RAI be the sum of all fibre components not meeting SAi and 

9VA C ~" the set of such components. Then RAi may by blown down, giving rise 
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to  a geomet r ica l ly  ruled surface: 

(:) bi: X - ~  X i  = XA~  = P ( E A , ) ,  

with  sect ions ~j = b d s j ) ,  and  note  t h a t  if, say, i = 1, then  

,~2..~: z 82.81. 

Now set 
2 

m s  = m i ( a : ,  �9 � 9  a k )  = - - s  i , 

As in [7], we see t ha t  

i = 1 , . . . , k .  

m : ( 2 ,  a 2 , . . . )  = N d ( 2  4 ,  a 2 , . . . ) .  

Note tha t ,  for any  a.,  m :  = _$2 too.  But  clearly, on a geometr ic  ru led surface 

the  difference of any  two sect ions is a sum of fibres, hence i t  has self- intersect ion 

= 0, hence 
0 = (81 - -  82) 2 

---- 821 + S 2 + S2" R :  - 282" 8:, 

= - m :  - m2 + 82 �9 R1 - 282 �9 s : ,  

i.e. 

(2) m :  + m 2  = 82 �9 R 1  - 2 N d ( a :  + a2,  a 3 , . . . ) .  

One consequence of this,  a l ready  no ted  and  used in [1], is the  

2-SECTION LEMMA 1.2:  I r a :  = a2, then  

- 1  
(3) s 2 = s 2 = - -~ - s :  . R 2  + N d ( 2 a l ,  a 3 , . . . ) .  

Indeed,  if a :  = a2 then  clear ly  by m o n o d r o m y  rnl  = m2 so (3) follows from (2). 

For  general  codimensions  we have the 

3-SECTION LEMMA 1.3: F o r  any  3 d i s t i n c t  d i s t i n g u i s h e d  s e c t i o n s  s : ,  82, s3 w e  

h a v e  

(4) 821 = ( 8 : .  R2 + 8 : .  R3 - 82 .  R3) + 8:.82 + 8:.83 - 82.83. 

This  follows immed ia t e ly  from (2) by a su i tab le  l inear  combina t ion .  

Note  t h a t  by  an  obvious d imension  count  the  number  k of d i s t inguished  sect ions 

on X is _> 3, so t ha t  L e m m a  1.2 is appl icable ,  except  in the  single case d = 
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1, (a.) = ( n , n -  1), where one is considering the set of lines through a point 

meeting a fixed line, so clearly s 2 = - 1 ,  s 2 = 1. Also, from a recursive standpoint,  

numbers such as s l. R2, having to do with reducible curves, are easily computable 

in terms of Nd,, d ~ < d, hence they may be considered known. Indeed, 

(5) s l - R 2  = ENdI(A1,A1,Fn)Nd2(A2.,A2,P82), 

the summations being over all dl + ds = d, sl  + 82 -- n and all decompositions 

A. = (A1, A2)I_[(A 1) ]_I(A. 2) (as unordered sequences or partitions). Each te rm 

corresponds to a pair of families of curves each of degree di meeting (A1, A!) and 

filling up a locus of codimension si and degree Nd. (A!, A~, psi) in • ,  i = 1, 2; 

the two loci meet in a finite set whose cardinality is given by Bezout's theorem 

and whose members correspond with Sl N Rs. 

Thus at least when al  + as, al + a3, a2 -~ a3 are all > n (which is automatic  if 

n = 3 but not otherwise), the 3-section lemma computes ml ,  ms, m3 in terms of 

lower-degree data; but even if this condition is not satisfied (and, say, al ,  a2, a3 > 

1), the lemma still computes ml ,  say, in terms of data  of lower degree or lower 
length; we shall use this observation below in constructing a ' length recursion'. 

Now let L = f*O(1)  and Fo be a general fibre of r .  Then we have 

(6) L = d s l -  E d e g ( F ) F + x F o  
F E . T A  1 

for some x e Q: indeed (6) holds simply because both sides have the same 

value on all fibre components. To determine x, evaluate on sl ,  noting that ,  by 

definition, 

L .  81 : Nd(al + 1, a2, . . . ) .  

Thus we have 

x = Nd(al + 1, a2,...) + dml. 

Now let us square (6), noting that,  by definition, L 2 = Nd(2, al , . . . ) .  Thus 

Nd(2, al , . . . )  = -d2ml  + 2dSml + 2dNd(al + 1, a s , . . . )  - E (degF)2 '  

F E . ~ A  1 

i.e., denoting fA1 by ~'l(a.),  we have 

(7) N(2, a l , . . . ) = 2 d N d ( a l + l , a s , . . . ) + d 2 m l ( a . )  - E (degF)2" 
FE1:l(a.) 

As above, the sum ~-~Fcj=a(degF)2 is easily evaluated in terms of Nd,, d' < d 
and may be considered known. In particular, when al  = n, i.e. A1 is a point, 
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and moreover a2 + a3 > n, we have Nd(ai + 1,a2, . . . )  = 0 and mi(a.), via the 
3-section lemma, is computable from lower-degree data, so (7) yields a recursive 

formula for all the Nd(2, n, a2, a3, . . . ) ,  a2 + a3 > n, namely 

(8) Nd(2, n, a2, . . . )=d2mi(n,  a2 , . . . ) -  Z (degF)2" 
FE~-I (a.) 

Now take the dot product of (6) with s2, obtaining 

Nd(al, a2 + 1,...) =dNd(ai + a2,...) 

(9) - ~ (deg F) + Nd(ai + 1, a2, . . . )  + dmi(a.). 
FE(.Ti- .~)(a.)  

Now to determine Nd(a.) in general we proceed by recursion on k (as well as d), 

as follows. We may assume all ai > 1. For the smallest possible k (given d > 3), 

c l ea r l y  we m a y  a s s u m e  b y  r e o r d e r i n g  t h a t  a l  --  a2 = a3 --  n so, f r o m  (7) ( r ead  

backwards), we compute Nd(a.) from Nd(2, n-- 1, n, n , . . . )  = Nd(2, n, n, n-- 1, . . . )  

(and lower-degree data). But Nd(2, u, n, n -  1, . . . )  has already been computed 

above; this takes care of the case of smallest k. In the general case we use 

recursion on k. Using (9), we compute Nd(a.) from Na(ai + 1, a2 - 1, . . . )  and 

terms of lower degree or length. Applying (9) repeatedly we compute Nd(a.) 
in terms of lower-degree and lower-length data plus Nd(ai + a2 - 1, 1, a3, . . . )  = 

dNd(al + a2 - 1, a3, . . . ) ,  itself a lower-length term. This computes Nd(a.) in 

general. Note that the lowest-degree, lowest-length term, i.e. the initial case of 

the recursion, is Ni(n, n) = 1, i.e. the unique line through 2 points. 

We now illustrate the use of the above formulae for n = 3. For brevity we shall 
assume known the 'line' numbers Ni(2 2, 3) = 1, Ni(2 4) = 2, as well as the conic 

numbers 
N2(24,32 ) = 4 ,  N2(26,3)=18,  N2(2 s ) = 9 2 ,  

which are similar to but simpler than cubic numbers, and proceed to compute 
the cubic numbers N3(2 i~ 3) and N3(2 i2) (other cubic numbers are again similar 

but simpler). 

First from (8) we have 

(*) N3(2i~ 3) = N3(2' 3' 29) = 9mi(3' 29) - Z deg(F)2" 
FE.~'~ (3,2 9 ) 

To compute the ml it is best to use the idea of Lemma 1.3 rather than the Lemma 

itself. First (2) yields 

m l  + m2 = S l .R2 .  
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The latter counts certain intersecting pairs (line, conic) or (conic, line) whose 
first element contains the point Ax and the second meets the line A2 and which 
between them satisfy the incidence conditions to the other Ai; moreover, the 
contribution from each type is a sum of two terms depending on which component 
is determined up to finite choice by incidence to the Ai alone (then the other 
component is determined up to finite choice by incidence to the remaining Ai and 

to the previous component). It is easy to compute that the two contributions 

are, respectively, 

((82) + 8-2)N2(2s) 

Consequently 

Similarly, 

Hence 

8 2)N2(3,26 ) and ( ( 8 6 ) . 4 + ( 3 )  . 

m l  + m 2  : 8 0 8 0 .  

2 m 2  ---- m 2  + m 3  ~-- s 2 . R 3  ~- 7200, m 2  = 3 6 0 0 .  

ml = 4480. 

The other term in (.) can be computed similarly and equals 30456, hence 

N3(21~ 3) = 9864. 

Next, to compute N3(212) we use (7), which yields 

(**) N3(212) = 6N3(3, 21~ + 9m1(211) - Z deg(F)2" 
FEb-l(211 ) 

Again it is straightforward to compute the second and third terms and we get 

ml -- 28704, Z d e g ( F ) 2  = 237360. 

Consequently, we deduce the classical count for the number of twisted cubics 

meeting 12 general lines: 
N3(212) = 80160. 

2. G e n e r a  

In this section we fix a sequence (a.) giving rise to a smooth (maybe disconnected) 
curve B = B(a.) and give a formula for the latter's geometric genus, i.e. for 

deg(KB). The idea is to consider a 'thickening' 

B--+ B += B(a +)= B(A+), d imB + = n - l ,  



Vol. 122, 2001 

where A. = (A1 , . . . ,  Ak), 

A + = ( A t , . . . , A + ) ,  g_<k, 

Ai C_ A + C P", 

a + = codlin A + _> 2. 

Consider the diagram (over a neighborhood of the image of B) 

V A R I E T Y  OF  R A T I O N A L  SPACE CURVES 

f+ 
X > X  + > P "  

I 1 
B " B + 

367 

KX/B = --281 -- mlFo + R1, 

so that,  by (8), 

7r*(KB+ [B) = --(n + 1)L + E ( a  + - 1)si + 2s1 + ~TtlFo - R .  

Evaluating on s1, we conclude that  

(11) deg(gB+ [B) = - ( n  + 1)Nd(al + 1, a2 , . . . )  -- a+ml.  

By the adjunction formula, 

(12) deg KB = deg(KB+ [B) + deg NB/B+. 

On the other hand, if we set 

Bi = B(a l , .  a + ak), i = 1, g o ' ,  $ , ' ' ' ,  . . . ,  

= B ( a t , . . . , & i , . . . ) ,  i > g 

hence 

with f +  generically finite. Let p be the ramification divisor of f + .  Then, as in 

[2], it is easy to see that  

plx = ~- -~ (a  + - 1)si. 

On the other hand, by Riemann-Hurwitz,  

(10) - ( n  + 1)L + p = Kx+ Ix = KX/B + 7r*(KB+ [B). 

Now recall the blowing down map X --+ X1 = XA1 = P(EAI ) (1). I t  is easy to 

see that  

KXt /B  = -281 -- mlFo,  
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then clearly B = N Bi and, by the standard computation of tangent spaces 

TbB = (7 TbBi for any b C B, hence 

k 

(13) deg NB/B+ = E deg NB/B~, 
i=1 

so it suffices to evaluate deg NB/Bi. 

CASE 1: i _< g 

We then have a Cartesian diagram 

8A{ 
N 

SA+ 

from which clearly 

hence 

(14) 

CASE 2: i > g 

--+ A~ 
A 

- - ~  A.+ 

7r*NB/B, = N~A~/~A~ = f*((ai - a+)O(1)), 

(leg NB/B~ = (ai - a + ) N ( a l , . . . ,  ai + 1, . . . ) .  

We then have a Cartesian diagram 

from which, as above, 

8 A  i ~ Ai 
N 

B < X 0 

Bi < Xi ~ 

degNsai/X~ = a iNd(a l , . . .  ,ai + 1, . . . ) .  

On the other hand, 

deg NSA~/X~ = deg NsA ~/x + deg Nx/x~ ]SA~ 

---- --mi + deg 7r*NB/B~. 

Consequently 

(15) deg NB/B, = a iNd(a l , . . . ,  ai + 1, . . . )  + m~. 

Putting (11)-(15) together, we have computed deg(Ks), as claimed. 
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Remark: As in [7], we also get a formula for the ar i thmet ic  genus o f /~  if a l  = 2, 

namely,  if t = # { i  : ai = 2}, 

Pa(B) = g(B)  + tNd(2• a2 , . . . )  = g(B)  + ~(Nd(2,  2, a 2 , . . . )  -- m1(2, a2 , . . . ) ) .  

Note: For some applicat ions of the results of this paper ,  and some more  de- 

tails on the qual i ta t ive issues related to L e m m a  1.0, see the au thor ' s  eprint  

math .AG/0002101 ,  enti t led The degree of  the divisor of  jmnping  rational curves. 
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